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Abstract. Let M be a compact Riemannian manifold in which Y is an embedded hy- 
persurface separating M into two parts. Assume that the metric is a product on a tubular 
neighborhood N of Y . Let A be a Laplace type operator on M adapted to the product 
structure on N . Under certain additional assumptions on A, we establish an asymptotic 
expansion for the logarithm of the regularized determinant det A of A if the tubular neigh- 
borhood N is stretched to a cylinder of infinite length. We use the asymptotic expansions 
to derive adiabatic splitting formulas for regularized determinants. 



1. Introduction 

In this paper we study the behaviour of regularized determinants of Laplace type operators 
with respect to certain singular deformations which are related to analytic surgery. Ana- 
lytic surgery is a method developed by Mazzeo and Melrose |MMj to study the behaviour of 



global spectral invariants of Dirac- and Laplace operators with respect to decompositions 
of the underlying Riemannian manifolds. 

The singular deformations that we consider in this paper are defined in the following way. 
Let M be a compact Riemannian manifold and let Y be an embedded hypersurface in M 
such that M—Y consists of two components Mi and M2. Assume that the metric in a collar 
neighborhood of y is a product. Then by "analytic surgery" we mean the stretching of 
the collar neighborhood to a cylinder of infinite length. In this way we get a family of 
Riemannian manifolds (M^, (7^.), r > 1. The singular limit of this family is the disjoint union 
of two manifolds with cylindrical ends Mi^^ and Ms.oo- Let A: C°°{M,E) C'^{M,E) 
be a Laplace type operator on M which is adapted to the product structure on A^. Then 
we can define an associated family of Laplace type operators on Mr and the main 
purpose of this paper is to study the behaviour of det(Aj.) as r — > 00. Under some 
additional assumptions on A we will show that log det A^ has an asymptotic expansion and 
the main ingredient of the constant term of this expansion are the relative determinants 
det(Aj^oo, Ao), i = 1,2, associated to the Laplacian on the manifolds with cylindrical ends 
Mi^oo and M2,oo, respectively. Here the relative determinants are defined as in j Mulj . For 
surfaces our results are related to the work of Bismut and Bost |BBj who studied the 
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Quillen metric on the determinant line bundle associated to a family of complex curves 
with singular fibers. 

We also consider the analogous problem for a compact manifold with boundary where we 
stretch a collar neighborhood of the boundary to an infinite half-cylinder. The singular 
limit of the associated family of Riemannian manifolds with boundary is a manifold with a 
cylindrical end. The relative determinant of the Laplacian on the manifold with cylindrical 
end arises in the same manner as above in the asymptotic expansion of the determinant of 
the Dirichlet Laplacians. This gives a new interpretation of relative determinants. 

If we compare the asymptotic expansions of the determinants of the Laplacians on the 
manifolds M^, Mi and M2^r, respectively, obtained by stretching the corresponding collar 
neighborhoods of Y, we recover the adiabatic decomposition formulas of Park and Woj- 
ciechowski [PW.lj . [PW3] . We also establish a gluing formula for relative determinants of 
Laplace type operators on manifolds with cylindrical ends. 

In the present paper we consider Laplace operators of two types. First we assume that 
the induced Laplace operator on Y is invertible and that the Laplacians Aj^oo, = 1,2, 
on Mj_oo have no nonzero L^-solutions. This simplifies the constructions. The second case 
that we consider are Bochner-Laplace operators. In a followup paper we will study the 
case of Dirac-Laplace operators A = D^. 

Now we describe the content of the paper in more detail. Let {X, g) be a Riemannian 
manifold and let ii^ — >^ X be a Hermitian vector bundle. First recall that a Laplace type 
operator 



is a second order elliptic differential operator which is symmetric, nonnegative and whose 
principal symbol is given by 



Suppose that X is a compact manifold with boundary dX, which may be empty. We impose 
Dirichlet boundary conditions at dX and denote the corresponding selfadjoint extension by 
A/). This is a selfadjoint nonnegative operator in L'^{X,E). The regularized determinant 
det A/) of A/) is defined in the usual way by 



where Ca^Is) is the zeta function of Ajy. 

Our first result is a gluing formula for relative determinants of Laplace type operators on 
a manifold X with a cylindrical end. By definition, X has a decomposition 



where M is a compact manifold with boundary Y and the metric g of X is a product 
on ]R+ X Y. Let — > X be a hermitian vector bundle. We assume that there exist a 
hermitian vector bundle Eq ^ Y such that E\Z = piyEo and that the fiber metric of 



A: C~(X,^) ^ C~(X,^) 




X = M Uy Z, Z = M+ X F, 
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E is a. product on IR+ x Y. Let A: C°°(X, E) C°°{X, E) be a Laplace type operator on 
X. We assume that the restriction of A to Z satisfies 

(1.1) AU = -|1 + A,, 

where Ay is a Laplace type operator on Y . This implies that Ax is essentially selfadjoint 
in LP'. We will denote the unique selfadjoint extension of Ax by the same letter. Consider 
the operator 

+ Ay : C^{W^ xY,E)^ L2(R+ xY,E). 

and impose Dirichlet boundary conditions at {0} x Y. Let Aq be the corresponding self- 
adjoint extension. Then A, Aq) is a pair of self-adjoint operators which satisfies conditions 
l)-3) in |MuH p. 312] which are needed to define the relative regularized determinant 
det(A, Ao). 

Let Am denote the restriction of A to M and let Am,d be the selfadjoint extension obtained 
by imposing Dirichlet boundary conditions at dM. We assume that Am,d is invertible. 
This assumption is satisfied in many cases. Suppose, for example, that D : C'^{X.,E) —>■ 
C°°{X, E) is a Dirac operator and A = D^. Then it follows from IBaj that A^ is invertible. 
In particular, if A^: Ap(X) —>■ A^{X) is the Laplacian on p-forms on a compact manifold 
with boundary, then Ap is invertible. Other examples are Bochner-Laplace operators. 

If Am,d is invertible, then the Dirichlet-to-Neumann operator R with respect to the hy- 
persurface Y = {0} xY C X can be defined in the usual way. This is a pseudo-differential 
operator of order 1 on F which is selfadjoint and nonnegative. So R has a well-defined 
determinant det R. 

The last ingredient of the gluing formula is defined in terms of the space Ti of extended 
L^-solutions of A. Recall that a section (f G C°^(X, E') is called an extended L^-solution 
of A, if (y9 is a bounded solution of Aip = and its restriction to x Y has the form 

ip{u,y) = (j){y) + '^{u,y), 

where ip is in and G ker Ay. In this case, is called the limiting value of (p. Let 
C ker Ay be the space of all limiting values of extended L^-solutions of A. Given G 
V~^, let E{(j), A) be the associated generalized eigensection of A (cf. [Mu4j). Then E{(f), A) 
is holomorphic at A = and E{(j),0) is an extended solution of A with limiting value 
20. Let py: C'^{X,E) C'^{Y,E\Y) denote the restriction map and set Hy := Py{H). 
We show that py '■'H ^ Tiy is an isomorphism. Let cpi, ...,(pk be an orthonormal basis of 
ker A and let 0i, 0^ be an orthonormal basis of V~^. Put ipi = pyifi), if 1 < i < fc, and 
ipk+j = |pr(-E'(0j, 0)), if 1 < j < /. Put fljj = {4'i,ipj)Y, ^^hi^k + l and let A be the 
{k + T) X {k + /)-matrix with entries Qij. We are now ready to state our first main result 
which is the following theorem. 
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Theorem 1.1. Assume that Am,d is invertible. Let hy = dimker Ay and denote by Cy{s) 
is the zeta function of Ay . Then 

det(A, Aq) ^ ^_Cy(o)-fey deti? 
det(AM,D) detA' 

The same resuh has been proved independently by Loya and Park |LPj . 

Now assume that (M, g) is an oriented closed connected ra-dimensional Riemannian mani- 
fold and let F be a hypersurface of M such that M — Y consists of two components. We 
denote the closure of the components of M — F by Mi and M2. Thus Mi and M2 are 
compact manifolds with common boundary Y such that 

(1.2) M = MiUyM2, dMi=dM2 = Y. 
Let £^ — > M be a Hermitian vector bundle and let 

Am: C^{M,E) C^{M,E) 

be a Laplace type operator. We assume that there exists a tubular neighborhood N of 
Y which is diffeomorphic to [—1, 1] x Y such that all geometric structures are products 
over N , i.e., g\]s[ = dv? + , there exists a Hermitian vector bundle Eq Y such that 
E\N = w*Yi.EQ) and 

(1.3) AMU = -|^ + Ay, 

where Ay: C°^{Y,Eq) C°°{Y,Eq) is a Laplace type operator on Y. Let A*/, be the 
restriction of Ajv/ to Mj, i = 1, 2. We assume that Ami,d and A^a.D are invertible (see the 
above remark). 

We define a family of Riemannian manifolds {Mr,gr), r > 0, as follows. Given r > 0, let 
Nr = [— r, r] X Y and set 

(1.4) Mr = Ml Uy Nr Uy Mg, 

where dMi is identified with {— r} x Y and dM2 with {r} x F. Since g is a product 
in a neighborhood of y, it has a canonical extension to a metric gr on M^ such that 
drlNr = du^ + f/-^. Similarly, E ^ M and Am have natural extensions Er —>■ Mr and Am^ 
to Mr. Our main purpose is to study the asymptotic behavior of det(AM^) as r ^ 00. To 
describe the result we need some more notation. Set 

Mi,oo = Mi Uy (M+ X y), i = l,2. 

This is a manifold with a cylindrical end Z = IR+ x Y. The disjoint union of Mi^oo and 
M2,oo may be regarded as the singular limit of Mr as r ^ 00. Let Aj 00 be the canonical 
extension of Am\j^j_ to Mi^oo which is defined by 

_ 92 
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Then Aj oo is essentially selfadjoint in L^. We denote the unique selfadjoint extension of 
Aj oo by the same letter. Let Aq be as in Theorem 1 1 . 1 1 and let det(Aj oo? Aq) be the relative 
determinant |Mulj . 

Let 

(1.5) 5,W..£^_i|)c,(.-l/2). 

where Cy{s) is the zeta function of Ay. Our first result concerning the asymptotic behaviour 
of the determinant of a Laplace type operator is obtained under the assumption that all 
involved operators are invertible. 

Theorem 1.2. Suppose that kerAy = {0} and kerAj^oo = {0}, i = 1,2. Then A^/^ is 
invertible for r > ro and 

2 

(1.6) lim e^«^(°) det Am. = (det Ay)-^/^ TT det(A,,oo, Aq). 

i=l 

In particular, the assumption of Theorem 11.21 are satisfied for the operator Am + A, where 
A > 0. Let ^y(s, A) be defined as in p.5|) with (y{s) replaced by the zeta function (y{s, A) 
of Ay + A. Then we get 

Corollary 1.3. Let \>0. Then 

2 

lim e'-^^^O'^) det(AM. + A) = det(Ay + X)-^/^ FT det(A,,oo + A, Aq + A). 

r—^oo 

1=1 

We note that also holds if M has a nonempty boundary dM. In this case we impose 
Dirichlet boundary conditions at dM. 

In particular, we may consider a separating hypersurface which is parallel to the boundary. 
This is a special case which we consider separately. Let Xo be a compact manifold with 
boundary Y and assume that all geometric structures are products in a collar neighborhood 
of Y. Let Xr = Xq Uy ([0,r] x Y) and let Ax^,d be the selfadjoint extension of the 
corresponding Laplace operator with respect to Dirichlet boundary conditions. Then the 
analogous statement to Theorem 11.21 is 

Proposition 1.4. Assume that Ay and Aoo are invertible. Then ^Xr,D is invertible for 
r > ro and 

(1.7) lim e"«^(°)/2 ^^^^^ _ ^^g^ Ay)-i/2 det(Aoo, Aq), r oo. 

Remark. Under the same assumptions as in Theorem ll.2l and Proposition ll.4l respectively, 
Lee |Le4j has also obtained asymptotic expansions for log det Am. and log det Axr,D, which 
are different from ours. The relation between |Le4j and our results is given by Theorem 

o 
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Especially consider the manifolds with boundary Mi and M2 of the decomposition ()1.2|) of 
M. Let Mi^r = Mi Uy ([0, r] x F), z = 1, 2. If we apply (IT7I) to Am,,,,,d and compare it to 
fll.6|) , we obtain 

Corollary 1.5. Let M be dosed. Assume that Ay and Aj.oo, i = l,2, are invertihle. Then 
A-Mr o.'^T-d Am, r,D, ^ = 1,2, are invertihle for r > ro and 

(1.8) hm ^ ^ = (det Ay) 

r^oo det Aa/i,,,d det AAf2,,,D 

This is the "adiabatic decomposition formula" established by Park and Wojciechowski in 

Next we study the case of a Bochner-Laplace operator. Let V is a metric connection 
on E which is a product on A^. Let Am = V*V be the associated Bochner-Laplace 
operator. Then V has canonical extensions to a connection on Mj. and V*'°° 

on Ei^oo Mi^ao, respectively, and A^f^ and Aj 00 are the corresponding Bochner-Laplace 
operators. We need to introduce some further notation. Let 

S'i(O): ker Ay ^ ker Ay, i = 1,2, 

denote the on-shell scattering operator at energy zero associated to (Aj^oo,Ao) (see e.g. 



Mu4j ) . This operator satisfies 6*4(0)^ = Id. Let 

keTAY = V+®V-, i = l,2, 

be the decomposition of ker Ay into the ±l-eigenspaces of 5*^(0). Let C12 denote the 
restriction of S'i(0)S'2(0) to the orthogonal complement of (V-^ fl V^) © (Vf fl ^2") in 
ker Ay. Then our next result is 

Theorem 1.6. Let Am = V*V be a Bochner-Laplace operator. Let hy = dimker Ay and 
h = dim \/+ + dim V^^ - 2 dim D ^+ . Then 

lim r^-^^e"«^(°) det Am, =22^^-^(det Ay)-^/^ 

1 — >oo 

(1.9) 2 

■ det ((Id -Ci2)/2) II det(A,,„o, Aq). 

i=l 

If we specialize Theorem II. 61 to the case of the Laplacian A = d*d on functions on a closed 
surface M, we obtain 



det Aj. ~ 2 det(Ai^oo5 Aq) det(A2,oo5 Ao)re' 



-7rr/3 



as r ^ 00. This is Theorem 13.7 of |BBj with an explicit constant expressed in terms of 
relative determinants. 

As in Proposition 11.41 we may also consider the case of a compact Riemannian manifold 
Xo with boundary Y. For a Bochner-Laplace operator on Xq it follows from |Baj that 
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^Xr,D is invertible. Let C ker Ay be the +l-eigenspace of the scattering operator 5(0) 
and let = dim\^"^. The analogous result to (jl.7|) is 

(1.10) lim r^-'-^^e'^^y^''^/^ det Ax^,d = 2^^ (det Ay)"'/' det(Aoo, Aq). 



r— >oo 



Now we apply this again to the manifolds with boundary Mi and M2 of the decomposition 
fll.2|) of M and compare it to p.9|) . In this way we get 

Theorem 1.7. Let the notation be as in Theorem \l.(A and let hi2 = dim fl . Then 

lim ^^^^ = 2-' (det Ayf' det ((Id -C,,)/2) . 

r^oo det Ami,„d det Am2,,,d 

Remark. This result was first proved by by Park and Wojciechowski |PW3j under an 
additional assumption, called Condition A |PW3t p. 4], which rules out the existence of 
exponentially decreasing eigenvalues of A^^. As pointed out by Park and Wojciechowski, 
their assumption implies that 1 is not an eigenvalue of 5*1 (0)5*2(0). This has the consequence 
that Vj^ n = {0}, which in turn implies that h = hy and = and Theorem 11.71 
specializes to Theorem 0.1 of jPW8j . 

Next we explain some of the main ideas of the proofs. The strategy to prove Theorem 11.11 
is analogous to the proof of the surgery formula in [HZj . Let z G C — R_. Then the relative 
determinant det (A + z,Aq + z) and the determinant det{A m,d + z) are defined. Moreover 
the Dirichlet-to- Neumann operator R{z) with respect to A + z and the hypersurface Y G X 
exists and the determinant det R{z) can be defined. Then by Theorem 4.2 of |Caj there is 
a polynomial P{z) with real coefficients of degree < (n — l)/2 such that 

det(AAf,D + z) 

Both sides of this equality have an expansion in z as z — > 0. We determine these expansions 
and compare the constant terms. This proves Theorem ll.il 

To prove Theorems ll.2l and ll.6( we apply the Mayer- Vietoris formula of |BFKj to det(AA/^ + 
A), A > 0, with respect to the decomposition ()1.4j) and take the limit A — > 0. To this end 
we assume that Ami,d and Am2,d are invertible. Under this assumption the Dirichlet-to- 
Neumann operator with respect to the hypersurface := {{—r} xY)\J ({r} x Y) exists 
and we get a splitting formula for det Am^. We compare this sphtting formula with the 
splitting formulas for det(Aj^oo, Aq) given by Theorem 11.11 Finally we study the limit of 
det i?r as r — > 00 and compare it to det -Ri,oo det -R2,oo- Let A^r^ be the Laplace operator 
on A^^ with Dirichlet boundary conditions. Under the assumptions of Theorem 11.21 or 11.61 
the limit as r — > cxd of r'* det AA/^(det Ajv^ /j)"-'^ exists and 

lim ^ . = 2-'^ det ((Id -Ci2)/2) TT det(A,oo, Ao). 

r^oo det A AT n 

Finally we determine the asymptotic behaviour of det A^v^ /) as r ^ 00. This completes 
the proof of Theorem 11.21 and Theorem 11.61 
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2. Expansion of relative determinants 

Let X be a manifold with a cylindrical end and let A be a Laplace type operator on X 
as above. In this section we consider the asymptotic expansion of logdet(A + z,Ao + z) 
as 2 — i> 0. We use the framework introduced in |Mulj . Let H,Hq be two self-adjoint 
nonnegative linear operators in a separable Hilbert space 7i such that e~*^ — e"*^" is a 
trace class operator for all t > 0. Suppose that the following two conditions are satisfied: 

1) As t — > 0+, there exists an asymptotic expansion of the form 

oo 
3=0 

where — oo < ao < ai < ■ ■ ■ and aj oo. 

2) There exist Bq E C, p > such that 

Tr(e-*^-e-*^°) ~6o + 0(rO 

as t — >• oo. 



Set 



Ci(s, H, Ho) = t;^ [' t'-' Tr(e~*^ - e"*^") dt, Re{s) > -«o; 

r(s) Jo 

1 /"°° 

C2(s, H, Ho) = -— f-' Tr(e-*^ - e"*^") dt, Re{s) < 0. 

r(s) Ji 

Then (i{s,H,Ho) admits a meromorphic extension to C which is holomorphic at s = 0. 
Similarly (2(3, H, Ho) has a meromorphic extension to the half-plane Re(s) < p which is 
also holomorphic at s = 0. It is given by 

(2.1) Us,H,Ho) = + / t^^' (Tr(e-*^ - e"*^") - bo) dt. 

r(s + i) r(s) Ji 

The relative zeta function ({s, H, Ho) is then defined by 

({s, H, Ho) = Us, H, Ho) + (2(3, H, Ho), 
and the relative determinant by 

detiH, Ho) = exp ( -^({s, H, Ho) 



Let A > and define det{H + X, Ho + X) similarly. 
Proposition 2.1. As X ^ 0+, we have 

logdet{H + X,Ho + X) = bologX + \ogdet{H,Ho) + o{l] 
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Proof. From the construction of the analytic continuation of (i{s,H + X,Hq + A) and 
(i{s, H, Hq), respectively, it follows immediately that 

hm Ci(0, H + X,Ho + X)= ([{0, H, Ho). 

A — *u 

Let Re(s) < p. Using ()2.H) we get 

1 f°° 

C2{s, H + X,Ho + X) = -— f-'e-'^ Tr(e-*^ - e"*^") dt 

r(s) Ji 

4t / t'-'e-'^ (Tr(e-*^ - e-*^«) - bo) dt 
[s) Ji 



b 

f(s) 



+ / t-ie-*^ dt 



Us, H, Ho) + -\- + boX-^ -^J' t^-'e-'' dt + 0(1) 

r(s + i) r(s) Jo 



as A ^ 0+. This implies that 

^(0, H + X,Ho + X) = C^(0, H, Ho) - bo log A + o(l) 
as A ^ 0+. □ 

In order to apply this result to our case, we need to compute bo. Let ^(A) be the spectral 
shift function of (A, Aq) IMHTl pp. 315]. By (2.16) of |MIIT] . we have 

(2.2) bo = -e(0+). 

So we are reduced to the study of the spectral shift function near zero. Recall that the 
spectral shift function is a real valued function in ^^^^(IR) which is uniquely determined by 
the following two properties 

(1) ^(A) = for all A < 0. 

(2) For every / G C^(R), /(A) — /(Aq) is a trace class operator and 



Tr(/(A) - /(Ao)) = / /'(A)e(A) dX. 

JR 



Let Arf and A^c denote the restriction of A to the subspace of L'^{X, E) corresponding to 
the point spectrum and the absolutely continuous spectrum of A, respectively. By jPoj . 
the eigenvalues of A have no finite point of accumulation. Hence f{^d) is a trace class 
operator for every / G C^(R). This implies that f{^ac) — /(Aq) is also a trace class 
operator for every / G C^(M). Let ^c(A) be the spectral shift function of (A^c, Aq) and let 
A^(A) denote the counting function of the eigenvalues of A. Then it follows from (1) and 
(2) that 

(2.3) ^(A) = -iV(A)+ec(A). 

The spectral shift function ^c(A) can be determined in the same way as in Chapter IX 
of |Mu3j . The manifolds considered in |Mu3j are manifolds with fibered cusps which are 
different from the manifolds in the present paper. However, the structure of the continuous 
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spectrum is similar and everything said about the continuous spectrum in |Mu3j apphes 
with minor modifications in our case as well. Let /^i > be the smallest positive eigenvalue 
of Ay. Let 

S{s): ker Ay — > ker Ay, \s\ < ^/JIl, 
be the scattering matrix |Mu4j . It is an analytic function. Then it follows as in the proof 
of Theorem 9.25 of pu8] that 

^,(A) = -i(Tr(5(0)) + dimker Ay) + / Tr(5'(s)5(-s)) rfA 
4 271 Jq 

for < A < a/zH- Hence we get 

ec(0+) = -i(Tr(S(0)) + dimker Ay). 
Together with (j2.3j) we obtain 

^(0+) = - dimker A - ^(Tr(5(0)) + dimker Ay) 



and by ()2.2|1 it follows that 



bo = dimker A + ^(Tr(5'(0)) + dimker Ay). 

Now observe that S{0) satisfies 5'(0)^ = Id. Hence 

Tr (5(0)) + dimker Ay = 2dimker(5(0) - Id). 
Combined with Proposition 12. II we obtain the following corollary. 
Corollary 2.2. Let k = dimker A and I = dimker(S'(0) — Id). Then 

logdet(A + A, Ao + A) = (A; + 1/2) logA + logdet(A, Aq) + o(l) 

as A 0+. 

3. Expansion of the Dirichlet-to-Neumann operator 

Let X = M Uy Z be a manifold with a cylindrical end Z = IR+ x F and let A : C°°{Z,E) ^ 
C°°{Z, E) be a Laplace type operator on X with properties as above. For 2; G C — R_ let 
R{z) be the Dirichlet-to-Neumann operator with respect to A + 2; and the hypersurface 
Y = {0} X y C X. In this section we study the expansion of det{R{z)) as 2; — 0. To begin 
with we recall the definition of the Dirichlet-to-Neumann operator. Let 2; G C — -R_ and 
(fi e C°°{Y, E\Y). There exists a unique section ip e C°°{X - Y, E) n L'^{X, E) such that 

(A + z)?/^ = on X-F; 

ip = (f on y. 

The solution if) is obtained as follows. Let ip G C^{X,E) be any extension of ip. Let A^, 
be the operator A with Dirichlet boundary conditions along Y. Then 

(3.1) V' = ^-(Ad + ^)-^((A + ^)(^)). 
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Furthermore, ip is continuous on X and smooth on M and Z. Its normal derivative has a 
jump along Y . Then R{z)ip is defined by 



(3-2) R(')^ = 7^i^\M)\eM-7^i^\^)\az- 



By Theorem 2.1 of jCaj . -R(2;) is an invertible pseudo-differential operator of order 1. Its 
principal symbol is given by 

aiR{z))ix,0=2V9A^,0^dE^, ^ ^ T:Y 
Furthermore, z G C — i?_ ^— > R{z) is a holomorphic function with values in the space of 
pseudo-differential operators. Let G{x, y, z) denote the kernel of {^ + z)~^ . Then G{x, y, z) 
is smooth in the complement of the diagonal and for x ^ y, G{x, y, z) G Hom(i5j^, Ex). As 
shown in the proof of Theorem 2.1 of Caj, we have 

(3.3) R{z)-^^{x) = G{x, y, z)^{y) dy, x e Y, ^ e C°^{Y, E\Y). 

In other words 

R{z)-' = py o {A + z)-\- 5y), 
where py is the restriction map to Y and 6y is the Dirac ^-function along Y. Especially, 
if A > then -R(A) is an elliptic pseudodifferential operator of order 1 which is selfadjoint 
and positive definite. Hence its regularized determinant det(i?(A)) is defined. 

Under the assumption that Am,d is invertible, we can also define the Dirichlet-to- Neumann 
operator with respect to A and Y. For this purpose we need the following lemma. 

Lemma 3.1. For every ip G C°°{Y.,E\Y) there exists a unique ip ^ C°°(X — Y,E)r\ 
C^{X,E), which is bounded and satisfies 

Ai: = on X -Y; 

Proof. Since Am,d is invertible, the Dirichlet problem on M has a unique solution, i.e., for 
every G C°°(F, E\Y) there exists a unique ipi G C°^(M, E) n C°(M, E) such that 

Aa/V^i = in M; 

1pl\y = Lf. 

Next we show that the Dirichlet problem on Z has also a unique solution. Let {0j}jGN 
be an orthonormal basis of L'^{Y, E\Y) consisting of eigenf unctions of Ay with eigenvalues 
< Ao < Ai < ■ ■ ■ . Let (f G C°^(y, E\Y). Then (p has an expansion of the form 

oo 
i=l 

Set 

oo 

^2(«,y) = ^a,e-"v^0,(y). 
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Then 1^2 ^ C'^{Z,E) is bounded and satisfies 

(3.5) AV^2 = and ^^2(0, y) = ^{y), y e Y. 

This proves existence. Now suppose that ip2 is a second bounded solution of ()3.4|) . Set 
g = ip2 — 4'2- Then g G C°°{Z, E) is bounded and satisfies 

Ay h? = 0; 



g{u,y) = 0, yeY. 
If we expand g in the orthonormal basis it follows that 

m 00 
j=l j=m+l 

where m = dimker Ay. Since g is bounded, it follows that hj = for all j G N. Using that 
g{0,y) = 0, we obtain aj = for all j G N. This proves uniqueness. □ 

Now we can proceed as above. Given Lp e C°^{Y, E\Y), let e (X - Y, E) n C^{X, E) 
be the unique solution of (|3.4|1 . Then the Dirichlet-to- Neumann operator is defined by 

(3-6) R^ = ^{^\M)\eM-^i^\z)\az- 

Next we establish some properties of R. 
Lemma 3.2. There exist a smoothing operator K such that 

R = 2^/A^ + K. 

Proof. Since X — Y = M U Z , R can be written as 

R — Rint + Rcxti 

where -Rint is the Neumann jump operator on M. It is defined as follows. Given (f G 
C^iY, E\Y), let ^1 G C°°(M, E) D C%M, E) be the unique solution of 

/S.ipi = on M, iPi\y = ^■ 

Then R,„^ is defined as 



du 



Y 



Similarly let il)2 G C°°(Z, _E) fl C°(Z, i?) be the unique bounded solution of 

A?/^2 = on Z, ip2\Y = 'P- 

Set 



RcAv) ■= 



du 



Y 
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As explained above, tp2 is given by 



Hence we get 



du 

Thus i?oxt = V^Y- By Theorem 2.1 of |Le3j it follows that Ri^t = v^Ay + K, where K is 
a smoothing operator. This proves the lemma. □ 

In particular, it follows that R is an elliptic pseudodifferential operator of order 1. 

Lemma 3.3. For every (j) G C°°{Y,E\Y), R{X)(f) is a continuous function of X E [0, oo) 
and 

lim R{X)4> = R(t). 

A — >0~|- 

Proof. Let A > 0. As above, R{X) can be written as 

R{X) = RU>^) + R,^,{X). 

Given G C°°(y, let i)i{X) G C^{M-Y, E)nC^{M, E) be the unique section which 

satisfies (A + A)V'i(A) = and '?/'i(A)|y = (p. Let (j) G C°^{M,E) be any extension of (p 
which is smooth up to the boundary. Then 

7/'i(A) = 4>- (Am,d + Xr\{^M + A)(0)). 

Since Am,d is invertible, this formula also holds for A = 0. From this representation of 
ipi{X) it follows immediately that i?int(A)0 converges to -Rint0 as A — 0+. Next observe 
that the unique bounded solution ^2{X) G C°°{Z, E) n C^{Z, E) of 

(A + A)^2(A)=0 on Z, ^2(A)|y = 

is given by 

oo 

i=i 

Then _Rext(A)0 := dilj2{X,u.y) /du\u=Q and it follows that i?ext(A)0 is continuous in A G 
[0, oo) and _Roxt(A)0 converges to -Roxt0 as A ^ 0+. □ 

Corollary 3.4. The operator R is formally selfadjoint and nonnegative. 



Proof. As explained above, for every A > 0, the operator -R(A) is formally selfadjoint and 
positive, and therefore the claim follows immediately from Lemma f3. 31 □ 
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Together we have proved that R is a first order elhptic pseudo-differential operator which 
is formally selfadjoint and nonnegative. Hence the regularized determinant det R is well- 
defined. 

Our next purpose is to study the bahaviour of the bounded operator R{\)~^ as A — >• 0. 
First we recall some facts about the spectral resolution of A. For more details we refer to 
[Mu4j . We have 

L\X,E) = Ll{X,E)®Ll{X,E), 

where 

j 

is the discrete sum of the eigenspaces of A with eigenvalues < Ai < Ai < • ■ ■ . Each 
eigenspace is finite dimensional. The orthogonal complement Ll{X,E) of L'^{X,E) is 
the absolutely continuous subspace for A. It can be described in terms of generalized 
eigensections E{(f)j,X) attached to the eigensections (pj of Ay. Each E{(j)j,\) is a smooth 
section of E and satisfies 

AE(0j,A) = \E{(Pj,\). 

Of particular importance for our purpose are the generalized eigensections E{(j), A) attached 
to G ker Ay. Let /ii > be the smallest positive eigenvalue of Ay. If we put A = 
and regard E{(f), A) as a function of s, then E{(j), s) has an analytic continuation to the disc 
|s| < /ii. Let 

S{s) : ker Ay ker Ay, |s| < /ii, 
be the corresponding scattering matrix. It is also holomorphic for \s\ < /zi and on x Y 
we have 

(3.7) E{(j), {u, y)) = e^"V(2/) + e-'-'^{S{s)(f>)iy) + ^{s), 

where ip{s) is in L^. Let < /i < /xi and let be the spectral projection of A onto [0,/i]. 
By ()3.3p we have 

(3.8) R{X)~' = py o P^(A + X)-\- ® Sy) + Py o (Id -P^)(A + X)-\- ® 5y). 

First we study the second operator on the right. Let 

iy : L\Y,E\Y) H-\X,E) 

be the map which is defined by iy(v5) = v^iJy. Then iy is continuous. Furthermore the 
restriction map py defines a continuous map 

Py:H\X,E)^L\Y,E\Y). 

Since (A + A)~^: H~^{X,E) H^{X,E) is continuous, we get a continuous map 

pyo(Id-P^)(A + A)-^ozy: L^{Y,E\Y)-^ L^{Y,E\Y). 

Lemma 3.5. There exists C > such that 

II pYo{ld-P^){A + X)-'otY \\l2<C 

for all A > 0. 
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Proof. Let Lp G H'\X,E). Then || ip \\h'^ = \\ (A + Id)"^/^ lU^- Hence we get 
II (Id -P^)(A + A)-V \\m =11 (A + Id)(Id -P^)(A + X)-\A + Id)-!/^ 

<\\ (A + Id)(Id-P^)(A + A)-i IU2 . II ^ ll^-i . 
Using the spectral theorem we get 

II (A + Id)(Id-P^)(A + A)-i ||L2<l + l//i 

for A > 0. This imphes 

II (Id -P^)(A + A)-^ \\LiH-^,m)< 1 + 
for A > 0. Since iy and py are continuous, the lemma follows. □ 

It remains to consider the first operator on the right hand side of ()3.8|1 . This is a smoothing 
operator whose kernel R{yi, y2, A) can be described as follows. Let {v?j} be an orthonormal 
basis of eigensections of A with eigenvalues < Ai < A2 < ■ ■ ■ and let (pi, . . . , (pm be an 
orthonormal basis of ker Ay. Then it follows from the explicite description of the spectral 
resolution of A (see (Oil, |Mu4j ) that 



^(?/i,?/2,A) = ^(Aj + A) Vi(2/i) ® <^i(l/2) 

^Yl / (s^ + ^y^E{^j,s,yi)^E{(Pj,-s,y2)ds. 
„_i Jo 



Xj<:fJ. 

(3.9) , m 



We shall now determine the behaviour of this kernel as A — 0. The behaviour of the first 
sum is obvious and we only need to investigate the second sum. 

Lemma 3.6. Let (pi, (pm be an orthonormal basis of kei Ay. Then 

m 

^ E{(pj, s, yi) (g) E{(pj, -s, 7/2) 
is an even function of s, \s\ < fii. 

Proof. We recall that the generalized eigensections and the scattering matrix satisfy the 
following functional equations. Let (p G ker Ay. Then 

E{^,-s) = E{S{-s)(P,s), 

S{s)S{-s) = ld, S{sy = S{s), \s\<fii. 



Let (pi, (pm be an orthonormal basis of ker Ay. Then there exist analytic functions aij{s), 
i,j = 1, ...,m, defined in |s| < /ii, such that 



(3.11) S{s)(pi = ^aij{s)(pj, i = l 



, ...,m. 
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Using (nnn|) and (jTTT|l we get 

m m 

^E{(f)j,-s,yi) (g) E{(f)j,s,y2) = ^ E{S{-s)(j)j, s,yi) (g) E{S{s)(j)j, -s,y2) 

m m 

= ^ ^ ajk{-s)aji{s)E{(j)k, s, yi) O E{(j)i, -s, j/a)- 

j=l k,l=l 

By (13.1 up the matrix A[s) = {aij{s))ij is symmetric and satisfies A[—s)A{s) = Id. This 
imphes 

m m 

^ -s, O s, 7/2) = ^ E{(t)j, s, yi) (g) E{(f)j, -s, 2/2) 

as claimed. □ 

By Lemma IT^ there exists a smooth section E{s) of E^E over X xX which is holomorphic 
for |s| < /i such that 

m m 

V s, yi) ® E{(f)j, -s, 2/2) = V 0, yi) ® 0, 7/2) 
(3.12) U U ^ 

+ s^E{s, (1/1,2/2)), |s| < 11. 

Note that 

r ds TT 1 

as A 0. Together with ()3.12p we get 



2 

3 

^ m 

= ZTT 0' ^1) ® 0' 2/2) + 0(1) 

as A — * 0. To continue we consider the the scattering matrix S'(O) at zero energy. It 
satisfies 

^(0)2 = Id. 

Let G ker Ay. If 5'(O)0 = then it follows from (jTTj) that on R+ x F we have 

E(0,O) = 20 + V^, 

where i) E L^iR+ xY,E). If 5(0)0 = -0, then E(0, 0) = [ MIl2l p. 209]. Let 

ker Ay = V+®V- 
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be the decomposition of ker Ay in the ±1- eigenspaces of S{0). Then equals the space 
of hmiting values of extended solutions of A |Mu2j . Let 0i, . . . , 0/ be an orthonormal basis 
of and let <^i, fm be an orthonormal basis of ker A. Define the kernel Ri by 

^ m 1 ' 

(3.13) Ri{yi,y2,X) = - ^ ® v'.^ya) + --^ 0, yi) ® ^(0,, 0, 7/2). 

.7=1 .7=1 



Let Ri{X): L^{Y,E\Y) L^{Y,E\Y) be the operator defined by this kernel. Together 
with Lemma f3. 41 we obtain 

Proposition 3.7. There exists a bounded operator R2{X) : L'^{Y,E\Y) L'^{Y,E\Y) such 
that 

i?(A)-^ = i?i(A) + i?2(A), A>0, 
and II -R2(A) || is uniformly bounded as X ^ 0. 

Let H C C°°{X, E) be the subspace spanned by ker A and 0), . . . , -E'(0z, 0). Then Ti 

is the subspace of all bounded sections G C°°(X, E) such that A0 = 0. Set 

nY = PY{n). 

Lemma 3.8. The restriction map py '■'H ^ "Hy is an isomorphism. 

Proof. Let cf) ETi. Then A0 = and (j) is bounded. Suppose that py{(f)) = 0. This means 
that 0|y = 0. By the uniqueness of the Dirichlet problem, it follows that = 0. Thus py 
is inject ive and hence an isomorphism. □ 

Lemma 3.9. keri? = Tiy. 

Proof. Let (f G Tiy. Then there exists ip & Ti with %p\y = ip. Moreover -0 is bounded and 
A^ = 0. Thus is a solution of the Dirichlet problem ()3.4j) . Since if) is smooth on X, it 
follows that Rip = 0. Now suppose that ip G ker R. Then there exists a bounded solution 
tp of (jSill) such that 

9 . M d 



This implies that Aip = in the sense of distributions. By elliptic regularity it follows that 
G C°°(X, E) and Atp = 0. If we expand iplz in the orthonormal basis {0j}_,gN we get 

m 00 
j=l j=m+l 

where m = dim ker Ay. Let = Y^jLi ^j^j- Then we get 

where ■01 ^ Put -0 = -0 — \E{(j), 0). Then it follows that G ker A. This implies that 

en. □ 
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Let (■, ■)y be the inner product in Tiy induced by the inner product in L'^{Y,E\Y). Let 
ipi, . . . , be an orthonormal basis of ker A. Set ipi = pyi^^i), if 1 < z < /c, and ipk+j = 
ipy(ii^(0j), 0)), if 1 < j < Set = {ipi,ipj)Y, ^<h3<k + l and let A be the 
[k + I) X {k + /)-matrix with entries ajj, i,j = 1, k + I. Then the main resuh of this 
section is the following theorem. 

Theorem 3.10. Let k = dim ker A and I = dim\^+. Then 

log det R{\) = {k + 1/2) log A - log det A + log det R + 0{\) 

as \ ^ 0+. 



Proof. The proof is analogous to the proof of Theorem B of jLelj . Let 

< /Ui(A) < ■ ■ • < yUfc+/(A) < /ife+z+i(A) < ■ ■ ■ 
be the eigenvalues of R{X). By Lemma f3. 91 it follows that 

lim /ij(A) = for 1 < j < A; + /, 

and /ij(A) > c > for j > A; + /. Then 

(3.14) logdet/?(A) = log(/ii(A) ■ ■ ■ fXk+iW) + log det i? + 0(A) 

as A ^ 0. So it remains to determine the behaviour of log(/ii(A) ■ ■ ■ fik+i{X)) as A — > 0. 
Let ?7i(A), ...,rik+i{X) be an orthonormal set of eigensections of -R(A) corresponding to the 
eigenvalues /ii(A), fik+i{X). Let I < j < k + 1. By Proposition 13.71 we get 

f,.{Xr% = {R{Xr\{X),v,W) = {R^{XMX),VjW) + {R2{XMX),v,W), 

and the second term on the right remains bounded as A ^ 0+. By ()3.13p the first term 
equals 

1 ^ 

{Ri{X)r]i{X),rij{X)) = - ^((^p, r/i(A))y (^p, r/j(A))y 



(3.15) 



Set 



+ ^ E^^^*^^' 0), r/.(A))y (E(0„ 0), v,{X))y. 



pvi'^i), if I <i <k, 

^py(E(0i_fc,O)), iik + l<t<k + l. 



Let aij(A) = (^/'i(A), ?7j(A)) and let A{X) be the matrix with entries aij(A), I < i, j < k + 1. 
Then ()3.15|) can be written as 

(i?i(A)r/,(A),r/,(A)) = l(I(A)*I(A)),, 

and we get 

/ii(A)-% = ^(I(A)*I(A)),, + 0(l) 
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as A ^ 0+. Note that {A{XyA{X))ij is bounded as A ^ 0+. Hence for i j we get 
{A{XyA{X))ij = 0(A) as A ^ 0+. This imphes 

(3.16) (/ii(A) ■ ■■fik+i{X))-' = A-^'^^') det(I(A)*I(A))(l + 0(A)) 

as A ^ 0+. Now observe that A{X)A{Xy is equal to the matrix with entries {ilJi{X),iljj{X)) , 
l<i,j <k + l. Let 

'Idfc 
X'/HdiJ- 

Then it follows from the definition of A that 



0(A) 



A{X)A{Xy = C{X)-A-C{X). 
Together with (j3.16p we obtain 

(/xi(A) ■ ■ ■ fik+iWr' = det(A)(l + 0(A)). 

Taking the logarithm and inserting the result in ()3.14j) . the theorem follows. 

□ 

4. Proof of Theorem ll.ll 



Let A > 0. By Theorem 4.2 of |Caj there is a polynomial -P(A) with real coefficients of 
degree < {n — l)/2 such that 

(4.1) ^^^^i^4^ = e-«^)det(fl(A)). 

det(AM,£, + A) 

All terms have asymptotic expansions as A ^ 0. Since Am,d is invertible, det{AM,D + X) is 
continuous at A = and limA^o det(AM,D + A) = det(AM,D)- Next consider the polynomial 
P(A). In the proof of Proposition 4.7 of |Caj . Carron has shown that the polynomial P{X) 
can be computed in terms of the coefficients of the asymptotic expansion of Tr(e~*'^^) as 
t 0. Let 



oo 



Tr(e-*^^) ~ ^a,r("-^)/2+^ t 0+, 

j=0 

be the heat expansion. If n is even, we have P = 0, and if n = 2p + 1 then 

P(A) = -log(2)^^^a,A^-^-. 
In particular, it follows that 

P(0) = -log(2)(/iy + Cy(0)), 

where hy = dimker Ay and Cy{s) is the zeta function of Ay. Together with Corollary EI 
and Theorem 13.101 Theorem 11.11 follows. 
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5. Regularized determinants on a finite cylinder 



In this section we study the regularized determinant of a Laplace type operator on a finite 
cylinder over a closed Riemannian manifold Y. Let Ay : C^{Y,Eq) — > C°°{Y,Eo) be a 
Laplace type operator on Y. For r > set 

Zr = [0, r] X Y. 

Let E —>■ Zr he the pull back bundle of Eq, i.e., E = [0, r] x Eq. Let 

A = Az. + Ay : C~(Z,, E) ^ C~(Z,, £;). 

Then A is a Laplace type operator on Zr- Impose Dirichlet boundary conditions at dZ^ 
and let Ajj he the corresponding self-adjoint extension. Then Ajj is positive definite. Let 

< /ii < < • • • ^ +00 

be the eigenvalues of Ay, counted with multiplicity. Let Cy{s) he the zeta function of Ay 
and set 

(5.1) 5,W = £^^C,(,_l/2). 

Sine Cy{s) has at most a simple pole at s — —1/2, ^y(s) is holomorphic at s = 0. The 
main result of this section is the following proposition. 

Proposition 5.1. Let hy — dimker Ay. Then 

(5.2) detiAo) = {2r)''^e-'^'y^°^/\det Ay)-^/^ • (1 - e" 

IJ-j>0 



Proof. The eigenvalues of are given by 



2 

2 



Hence the zeta function of A^i equals 

k,ien ^ 

where d — dimy. Let denote the Riemann zeta function. Then 

(5.3) U^s) = hy (^)''\(2.) + E E(/^' + (7)'^')''' > 

fcGN Hi>0 

Recall that ((0) = -1/2 and C'(0) = -1/2 log(27r). Hence we get 

= — log 2 — log r. 



s=0 
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Set 

fceN Mi>o 

By the Poisson summation formula we get 



/"OO 



(5.5) /^'>o 



OO 



+ i-^r(s - i/2)Cy{s - 1/2) - ir(.)Cy(.). 

Denote by T{s) the integral-series on the right hand side. For a,b,c ^ and s G C set 
K,{a,b) = e-(«'*+'''/*)t^-irft and K,{c) = e-^'+^/'H'-^dt. 

It is proved in [La, p.270f] that the following relations hold 

Furthermore, for every a;o > and do < o"i there exists C = C{xq, ctq, cti) such that 
(5.7) \Ks{x)\ < Ce-^"" 

for all X > xq and Re(s) G [ctq, [LaJ. With this notation we have 

^(^) = ^EE^-V2(v^,rA:). 



(5.6) K,{c) = K_,{c), K,{a,b) = ( - ) K,{ab), Ky^ic) = J-e-^^ 



Using ()5.(ij) and ()5.7|1 it follows that T{s) is an entire function of s.. Especially it is 
holomorphic at s = 0. Since by ()5.6|) we have K_i/2{a,b) = ^e"^"'', we get 



(5.8) T(0) = ^ E E T?^"'"^" = - E - ^""^)' 

Thus by ()5.5|) we have 

. J^TW + l-I=£(l^M- 1/2) - ic.w 

Using that .^y(s) is holomorphic at s = 0, we obtain 
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Together with (Q, (Q and (jEHl) we get 

CkJO) = - 5^ log (1 - e-^^v^) + re^O) - ^Cy(O) - hy{\og2 + logr). 

Mfe>0 

This imphes the claimed equality. □ 

6. The decomposition formula 

Let (M, g) be a closed connected n-dimensional Riemannian manifold and let y C M be 
a separating hypersurface as in the introduction such that 

M = Ml Uy Ma, Ml n Ma = Y. 

We assume that the metric g is a, product on a tubular neighborhood of Y . For r > 
let 

Ml,, = Ml U ([-r, 0] X F), Ma,, = Ma U ([0, r] x F), 

where we identify Y with {— r} x y in the first case and with {r} x F in the second case. 
Set 

M, = Ml,, U|o}xy Ma,,, iV, = [-r, r] x Y. 

Then 

(6.1) M, = Ml Uy A^, Uy Ma, 

where dMi is identified with {— r} x Y and 9Ma with {r} x y. The metric g on M has 
an obvious extension to a metric on M,. Furthermore, let 

Mi,oo = MiUy (M+ X F), i = l,2. 

Let Am : C°°(M, ii^) ^ C°°(M, ii^) be a Laplace type operator as in the introduction, and 
let be its canonical extension to a Laplace type operator on M,, i.e. is uniquely 
defined by 

^A^'- Im, = ^k,, ^Mrl^^ = + Ay- 

Let Am; = A|jv/, and let ^Mi,D be the selfadjoint extension of Am^ : C^iMi, E) 
L'^{Mi,E) with respect to Dirichlet boundary conditions. We assume that ^m^^d and 
^M2,D are invertible. Let Ajv^.d denote the selfadjoint extension of 

+ Ay : C^{Nr, E) L^Nr, E) 



with respect to Dirichlet boundary conditions. Let Kt, := {irjxF and denote by S, C M, 
the hypersurface 
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Given z G C — M", let Rr{z) be the Dirichlet-to-Neumann operator associated to {Am,. +z) 
and the hypersurface S^. We recall the definition of Rr{z). Let G C°°(Sr, Er\Tir). There 
exists a unique section ip G C°°(Mr — S^, -Er) H C^{Mr, Er) such that 

(AAf,, + z)lp = on - S^; 

(f = (p on hr. 

Then Rr{z){(j)) is given by 



Now we apply the Mayer- Vietoris formula of [BFKj , specialized to our case. We note that 
Theorem 1.4 of jCaj also holds in our case, where Mr — consists of three components. 
Thus there exists a polynomial P{z) with real coefficients of degree < {n — l)/2 such that 
for every z G C — M" : 

det(AM.+^) ^ ^p(,) ^ 

det(Ajv,,D + z) det(AMi,D + z) det{AM,,D + z) 
Since we assume that the metric of is a product on a tubular neighborhood of S^, the 
polynomial depends only on Y and can be computed as follows. Let (y{s,z) be the zeta 
function of Ay + z. Then it follows from jPWH Theorem 6.3] and also from the proof of 
Proposition 4.7 of |Caj that 

Piz) = -2CYiO,z). 

Thus 

(Q 4) det(AM,. + z) ^ 2-2f^(°'-^) det R (z) 

det{AN,.,D + z)det{AM„D + z)det{AM,,D + z) 

Now take z = X > and consider the limit as A — *• of the left and right hand side of 
()6.4|) . Since Am,;,d, = 1,2, and A^^^d are invertible, it follows that 

(6.5) limdet(AA/^ n + A) = det Am,,d, limdet(A7v r, + A) = det Ajy n. 

2—^0 2— >0 

Let hr = dim ker Am,. ■ Then 

det(AA/,, + A) = A'^'- det(AA/J(kerA„„)^ + A) 

and therefore we get 

(6.6) limdet(AM, + A)A-'''- = det A^,. 
Also note that 

(6.7) limCy(0,A) = Cy(0) + /iy, 

A — ^■O 

where hy = dimker Ay. It remains to consider the limit of det-Rr(A) as A ^ 0. Let 

Pr-. C°°{Mr,Er) ^ C°°(S„E|E,) 
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denote the restriction operator. Let Tir := Pr.(ker Ajv/^). 
Lemma 6.1. 

Pr : ker Am, ^ Hr 

is an isomorphism. 

Proof. Let G ker Am, and suppose that = 0. Let ip = 4>\Nr- Then A^^ip = and 
i^ldNr = 0. Since A^t^^d is invertible, it follows that ip = O.ln the same way we get ^Im^ = 0, 
i = 1,2, and hence = 0. Thus is injective and therefore an isomorphism. □ 

Let Am,,d be the selfadjoint extension of 

Am. : C^{Mr - S,, Er) ^ L\Mr, Er) 

with respect to Dirichlet boundary conditions. By our assumption, ^Ur^D is invertible and 
hence, the Dirichlet-to-Neumann operator associated to Am,, with respect to C Mj, 
can be defined in the same way as Rr{z). 

Lemma 6.2. We have 

ker Rr = pr (ker AmJ • 

Proof. Let ip G ker Am,, and let (f) = Pr{f)- Then is a solution of the Dirichlet problem 
with boundary value 0. Since ip is smooth on Mr, it follows that Rr{(p) = 0. Now suppose 
that G keri?^. Then there exists p G C°°{Mr - S,) n C°(M,) such that Am^P = on 
Mr — Er, v^ls,. = and 

This implies that Am^P = in the distributional sense. By elliptic regularity we conclude 
that ip G ker Am, and Pr{p) = 0- □ 

Let (fi, ...,(pp be an orthonormal basis of ker Am,- Set 

bij = {pr{Pi), Pr(v5j))s., i,j = 1, ■■■,P 

and let 

Br = 

Then Br is a symmetric invertible matrix. 
Proposition 6.3. Let hr = dimker Am,.- Then 

log det Rr{X) = hr log A — log det Br + log det Rr + 0(A) 

as X —>■ oo. 



Proof. We use Lemma f6. 21 and proceed in the same way as in the proof of Theorem ()3.10p . 

□ 
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Combining ()6.4|) - ()6.7|) and Proposition ()6.3|) we obtain 

log det(AMj = log det An,,d + log det Am^,d + log det Am^,d 
^ ■ ^ - log det Br + log det Rr - 2(Cy (0) + hy) log 2. 

Let Z = ]R+ X Y and let Aq be the selfadjoint extension of the symmetric operator 



+ Ay : C^iZ^E)^ L\Z,E) 



dv? 

with respect to Dirichlet boundary conditions at dZ = {0} x Y. Let -Ri.oo be the Dirichlet- 
to-Neumann operator for Aj oo with respect to the hypersurface Y = {0} xY(Z Mi^^o- Let 
Ai be the Grahm matrix defined by the restrictions of the extended L^-solutions of Aj^oo 
to Y as in Theorem 13.101 By Theorem ()1.1|) we have 

log det(Aj^oo, Ao) = log det Ri^^ + log det Aa/„d - log det Ai 
-(Cy(0) + /iy)log2. 

Together with ()6.8p we get 

Proposition 6.4. Let the notation he as above. Then 

log det = log det A n^.^d — log det Br + log det Rr 

(6.9) 

-t- 

i=l 



+ ^(log det(Ai,oo, Ao) - log det i?i,oo + log det Ai 



Our next purpose is to study the behaviour of the various terms in this equality as r — > cxd. 
This, of course, will require additional assumptions. We begin with the consideration of 
det Rr- 

To this end we need to describe the operator Rr more explicitely. Let Qi denote the 
Neumann jump operator on Mj. In the proof of Lemma ()3.2j) we established the following 
equality 

(6.10) Ri,^ = Qi + ^/A^, 1 = 1,2. 

Let Pq : L'^{Y, E\Y) denote the orthogonal projection onto ker Ay. Let 



hr{x) 



Define 



by 



smh.{2^/xr) 

Kr : L^iY, E\Y) © L\Y, E\Y) L\Y, E\Y) © L\Y, E\Y) 



(6.11) Kr := ( -Po + hr{Ay)Po^] 



26 JORN MULLER AND WERNER MULLER 

Set 

Recall that S,. = F U Y. Using ()5.8|) and the formula at the bottom of p. 4104 of )Le3j . it 
follows that 

Rr : C^{Y,E\Y)®C^{Y,E\Y) C^{Y,E\Y) ® C^{Y,E\Y) 

is given by 

(6.13) Rr = Roo+Kr. 

Next observe that is a trace class operator and its trace norm || Kr ||i satisfies 

(6.14) II Kr 111 — > 0. 

r^oo 

By Corollarv 13.41 Ri^oo, = 1,2, are selfadjoint nonnegative operators in L'^(Y, E\Y). 
Lemma 6.5. Suppose that Ri^oo > 0, i = 1, 2. Then 

lim det Rr = det Ri oo ■ det R2 00 • 



Proof. This is proved in |Le3t Lemma 4.1 ]. For the convenience of the reader we recall the 
proof. It follows from ()6.12|1 and the assumptions that -Roo > 0. By ()6.14j) it follows that 
there exists tq > such that the operator R^o + tKr is invertible for < t < 1 and r > tq. 
Thus 

d 

log det(i?oo + Kr) — log det R^o = "r det(-Roo + tKr)dt 

Jo dt 

= / TTi{R^+tKr)~'Kr)dt < — II Kr ||l, 

Jo 2Ao 
where Aq > is the smallest eigenvalue of R^o- The lemma follows from ()6.14p . □ 

Let Tiiyi = 1, 2, be the space of extended L^-solutions of Aj By Lemma ()3.8|) and Lemma 
()3.9|1 it follows that -Rj^oo is invertible if and only if Tii = {0}, and the latter condition is 
a consequence of ker Ay = {0} and ker Aj^oo = {0}. Furthermore, if Roo is invertible, it 
follows from ()6.13|1 and ()6.14|1 that Rr is invertible for r > tq. By Lemma (6. II and Lemma 
16.21 Rr is invertible if and only if ker Am^ = {0}. 

Using these observation together with Proposition ()6.4|) and Lemma ()6.5|) . we obtain 

Corollary 6.6. Suppose that kerAy = {0} and ker Aj oo = 0, i = 1,2. Then Am^ "is 
invertible for r > Tq and 

lim l^^^^^^'- = det(Ai,oo, Aq) ■ det(A2,oo, Aq). 
" -'detAAT^n 



r— >oo 
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The asymptotic behaviour of det Atv^ ^j as r — > cxo is described by Proposition 15.11 Using 
this result, Theorem II .21 follows. 

Next we consider a compact Riemannian manifold {XQ,g) with a nonempty boundary Y. 
We assume that the metric is a product on a collar neighborhood = (— e, OjxYofYin 
Xo. Let 

Axo:C°°(Xo,E)-.C°°(Xo,E) 

be Laplace type operator as above such that on it equals —d'^/du^ + Ay. For r > set 

Z, = [0, r] X F, and = Xq Uy Z^, 

where {0} x F c Zr is identified with dX^ = Y. Let X^c = Xq Uy (R+ x Y) be the 
corresponding manifold with a cylindrical end. We extend Axq in the obvious to Laplace 
type operators Ax^ and Aqo on Xr and X^o, respectively. Let Axr,D and Az^,d denote the 
Dirichlet Laplacians associated to A^^ and Az^, respectively. Furthermore, let Rr be the 
Dirichlet-to- Neumann operator associated to the decomposition Xr = Xq U Zr- Let A > 0. 
Then by Theorem 4.2 of |Caj we have 



(6.15) . = 2-^-(°-^)deti?.(A). 

det(Axo,D + A)det(Az,,z) + A) ' 

As above, we let A ^ 0. Note that Az^,d is invertible. Assume that Ax^,d is invert- 
ible. Then as A — > 0, the determinants converge to the determinants of Ax,, and A^^, 
respectively. Furthermore as in Lemma f6. 21 it follows that 

(6.16) keri?^ = py(ker Am,,d)- 
Hence Rr is also invertible and 

logdeti?r(A) = log deti?^ + 0(A) 
as A ^ 0. Thus taking the limit A — > of both sides of (j6.15|) . we get 

(6.17) . A^^'^^f'''. = S-'^"^^) det Rr. 

det Axo,D det Az,.,d 

Now recall that by Theorem ll.il we have 

logdet(Aoo,Ao) =logdet/2oo+logdetAx.,D-logdetA-log(2) (Cy(0) + /ly). 
Combining this equality with ()6.17|) we obtain 

log det Axr,D = log det Atv^^d + log det Rr - log det R^o 
^^'^^^ + det(Aoo, Ao) + logdetA. 

To study the behaviour of det i?^ as r oo, we proceed as above. Let 



fr{x)= ■ , , ^eM. 

Define the operator 

Lr : L2(y, E\Y) L^{Y, E\Y) 
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by 

(6.19) := (^ipo + /r(Ay)Po^^ e^'^ , 
where Pq denotes the orthogonal projection onto ker Ay. Then 

i^rp Rqq I -Zj'yi • 

Suppose that kerAy = {0} and kerAoo = {0}. Then it follows from Lemma that 
kerPoo = {0} and by Lemma 4.1 of |Le3j we get 

hm det Rr = det Poo • 

Since || ||— > as r ^ oo, it follows that Rr is invertible for r > Tq. By (I6.16|) 
this implies that AMr,D is invertible for r > tq. Under the same assumptions we have 
detA = 1. Together with (jfj.lHj) we get 

Proposition 6.7. Suppose that kerAy = {0} anc? kerAoo = {0}. Then 

detAx,,D , . ^ 

hm — — = det(Aoo, Ao). 

r^oo det Az^,D 

Using Proposition 15. it follows that as r — oo, 

(6.20) det Ax.,D ~ e-'-^^^")/^ ^^^^ Ay)"^/' det(Aoo, Aq). 

We apply (j6.2(J|) to det A^./^ ,.,d, "^ = 1,2, and compare the asymptotic behaviour with 
In this way we get 

hm ^ ^ = (det Ay)^/^ 

r^oo det Aa/i^,,d det Am2,„d 

which is the statement of Corollarv 11.51 

7. Bochner-Laplace operators 

In this section we study the case where A is a connection Laplacian. To begin with we 
consider a manifold with a cylindrical end X = M Uy Z, Z = M"*" x Y. Let P — X be a 
Hermitian vector bundle over X such that P|iR+xy = pry(-fo) for some Hermitian vector 
bundle Pq over Y. Let V be a metric connection in P such that on x F it has the form 

(7.1) V = rf„®ld+rf(g) V^, 
where is a metric connection on Pq. Let 

A = V*V, Ay = (V^)*V^ 
be the associated Bochner-Laplace operators. Then 

(7.2) A = -— + Ay on M+ x Y. 
Let A be the unique selfadjoint extension of Ax in L^. 
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Let be an orthonormal basis of L'^{Y,F\Y) consisting of eigensections of Ay with 

eigenvalues 

< A^l < yU2 < ■ ■ ■ ^ +00. 

Lemma 7.1. We have 

ker A = {0}. 

Proof. Let G C°°(X, F) be a square integrable solution of A(f = 0. Then 

= {V*\/ip,ip) =11 Vyp f . 

Thus Vip = 0. Since (p is square integrable, it has the following expansion on x F in 
terms of the orthonormal basis {v^jjieN '■ 

(7.3) <^(n,y) = 5^Qe-^>,(y), ueR+,yeY. 

Ati>0 

Furthermore, 

Using ()7.3|) . it follows that the restriction of to IR+ x F vanishes. Since V(p = and V 
is a metric connection, it follows that || (/? ||^= and hence if = 0. □ 

Let 

ker Ay = y+ © 1/" 

be the decomposition into the ±l-eigenspaces of the scattering matrix S{0) (cf. §2) and 
let 

R : C°°(r,F|r) ^ C~(F,F|F) 
be the Dirichlet-to-Neumann operator with respect to the hypersurface 

Y = {0} xY C X. 

Lemma 7.2. We have 

keiR = 

Proof. Let H C C°°{X, E) be the space of bounded solutions of A(/9 = 0. By Lemma (j3.9|) 
we have keri? = py(7^). So it suffices to prove that 

py(n) = v^. 

Let if ETi. For r > let X,. = M Uy ([0, r] x F). Using integration by parts, we get 
0= / {V*V^{x),^{x))dx 

(7.4) 



Xr JY 



dy. 
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Since 99 is bounded and satisfies A^p = 0, it has the following expansion on x Y: 

hy 00 

(7.5) ^{u,y) = Y,aMy)+ ^ ke'^^^Uy), 

i=l i=/ly + l 

where = dimkerAy. This implies that the second integral on the right of ()7.4j) is 
exponentially decreasing as r — > cxd. Hence Vy? = 0. In particular, it follows that 

^ipiu,y) = 0, z/GF. 

Together with ()7.5j) we get 

(7.6) V^lz = </> G ker Ay. 

Thus py(7i) C kerAy. Now recall that G 7i if and only if there exist G and 
ip G L'^{Z,F) such that ip\z = (p + ip. By fl7.f)|l it follows that ip = 0. This proves that 

py{n) = y+. □ 



Let A be the matrix that occurs in Theorem ll.il 
Corollary 7.3. We have 

detA = 1. 



Proof. Recall the definition of A. Given G V^, let |-E(0, 0) be the extended solution of Ax 
with limiting value 0. Let 0i, . . . , 0p be an orthonormal basis of V~^. Let ipj = \pY{.E{(j), 0)). 
Since by Lemma (j7.ip ker A = {0}, it follows that the entries of A are Oij = {ipi,ipj)Y- By 
Lemma ()7.2|1 . we have ^pY{E{(f), 0)) = for G V^. Hence aij = 6ij. □ 

Now consider a compact Riemannian manifold (M, (7) and a Hermitian vector bundle — >■ 
M as in the previous section. Let V be a metric connection on E such that on the tubular 
neighborhood N = [—1,1] x F of F in M 

(7.7) V = rf„®Id + Id®V^, 

where is a metric connection on Eq = E\Y. Let 

Am = V*V. 

Let Er Mr and Ei^^o ^i,oo be the canonical extensions of the vector bundle E ^ M 
to vector bundles over and Mi^^o, respectively. By (17. 7|) . V has a canonical extension 
to a connection V on Er and V*'°° on Ei^^o, = respectively. Then 

Recall that the Dirichlet-to-Neumann operator Rr is a selfadjoint operator in C°°{Y, E\Y)(B 
C°°(Y,E\Y). 

Next we determine ker Rr. Let C ker Ay be the subspace of limiting values of extended 
L^-sections of Aj^oo, i = 1,2. 
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Lemma 7.4. We have 

kei Rr = {(0, 0) I G n 1/2+}. 
Proof. By Lemma f6. 21 we have 

ker Rr = pr (ker AmJ • 

Let ip G ker A Mr ■ Then 

= (V*Vv9,(^) =11 f . 

Thus 

(7.8) Vv9 = for all G ker Am,- 

Next observe that the restriction of (p to A^^ satisfies 



and hence the expansion of '■p\Nr the orthonormal basis {0j}ieN is of the form 

hy 00 

^{u,y) = ^(a, + hu)Uy) + I] (c,e-v^^ + d,e^^^)Uy)- 
By (dH) it follows that £</?(«, y) = 0, u G [— r, r] . Hence we get 

hy 

(7.9) ^p{u,y) = ^a4i{y), {u,y) e Nr. 

i=l 

Actually, by our assumptions this holds on a slightly larger collar neighborhood of Y. 
Denote the right hand side by 0. Then G ker Ay and it follows that 

Pr{<p) = (<^(-r, ■), V{r,-)) = (0,0). 

Furthermore, let (fi = (f\Mi, i = 1,2. Then ipi satisfies 

AM,^i = and ipi\(-efl]xY = (f). 

Thus ifi, i = 1,2, has a unique extension 0i to an extended L^-solution of Aj^oo with limiting 
value 0. This implies G V-^ fl 1^2^. On the other hand, suppose that G fl Vg"^. Let 
(fii G C°°(Mj^oo, Ei^oo), "^ = 1,2, be an extended L^-solution with limiting value 0. By fl7.6|) 
we have 

<^j|(-£,o]xy = 0- 

Thus we can patch together (pi\Mi and (^2|Af2 to a section G ker Am^ with Pr{f) = 
(0,0). □ 

Lemma 7.5. For all r > there exists an isomorphism 

jr : ker Am, ^ ker Am- 
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Proof. Let ip G ker A^^. By fl7.9p . there exists (f) G ker Ay such that 
(7.10) ipiu,y) = (l)iy), {u,y) e N^. 

Note that by our assumption, V is the product connection on a shghtly larger tubular 
neighborhood A^r+e of Y and (|7.1(jp continues to hold on N^+e- Set 

^i = V5|M,, i = l,2. 

By Cnni), it follows that 

Define ^ e C^{M -Y, E) n C°{M, E) by 

^ ^ \^2(x), a;GM2. 

By the above observation, there exists a tubular neighborhood = (— e, e)xYofY such 
that iP\n^ = 0- Hence ^/^ G C°^(M, i?) and A^/V^ = 0. By construction, the map 

jr : (f G ker A Mr ' — ^ ^ ker Am 

is injective and the inverse map can be defined in the same way. This proves that jr is 
surjective. □ 

Corollary 7.6. The dimension ofkeiMr "is independent ofr. 
Put 

q := dim ker Am^- 

Let the matrix Br be defined as in the previous section. Our next purpose is to study the 
behaviour of deti^^ as r — > oo. To this end we need some auxiliary result. Let 

: C°^(F, E\Y) ^ C°^(M„ E), t = 1,2 

be the Poisson operator. Recall that for (p G C^lY, E\Y), Pi{(j)) is the unique solution of 
the Dirichlet problem 

Am,^ = 0, -^IsM, = 0. 
Lemma 7.7. There exists C > such that 

II ^^^(0) ||< II II, 0GkerAy, i = 1,2. 

Proof. There exists a collar neighborhood (— e, 0] x F of y in Mj such that 

(7.12) Am, = + Ay on (-e, 0] x Y. 

Let / G (:7°°(M) be such that f{u) = 1 for m > -e/4 and f{u) = for m < -e/2. Given 
G C'^{Y,E\Y), set 

0(m, y) = /(m)0(i/), u G (-e, 0], y G 
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and extend (j) by zero to a smooth section oi E ^ Mj. Then 

(7.13) P,(0) = - (Am„d)"'(Am,0). 
Let e ker Ay. By (I7T^ we get 

Let Ai > be the smallest eigenvalue of A^- £>. Then by ()7.13p we get 

\\P^{<^) ||<Ci II 011 +1C2||0||<C||0||, 

where C > is independent of G ker Ay. □ 
Lemma 7.8. Let q = dim ker i?^. Then 

rMet5, = l+0{r'^) 

as r oo. 

Proof. Let ipr,i, ■ ■ ■ , 4'r,q G ker Am^ be an orthonormal basis of ker Am^. Then Br is defined 

as 

Br = {{pr{A,i)^ Pr{A,k)))lk=l ■ 

By ()7.9p . for each r > and k,k = 1, . . . ,q, there exists 0,.,^ G ker Ay such that 

(7.14) ilJr^k{u,y) = (prAy)^ u ^ [-r,r], y e Y. 
Let Mo = Ml U Ma. Then 

(7.15) 5ik = {^r,i,A,k)Mr = {^r,i\Mo'^'-MMo)Mo + 2r (0^,i , 0^,,fc) . 

By (Tmi we have 

Pr{A,k) = {4>k,r,4>k,r)- 

Hence by (TTTHIl we get 

(7.16) (p^(?/;^,,),p^(V^^,fc)) = 2{(f)r,^,(f)r,k) = ^ (l - Mo' '^''M Mq)) ' 

Furthermore, by ()7.15|) 

(7.17) II (pr,k f < 7^- 

2r 

Now observe that by ()7.14p we have 

^''AdAh^ ^''''■^ fc=l,...,g. 

Moreover AM,ipk,r = 0. Thus 

Together with Lemma ()7.7|) and ()7.17p it follows that there exists C > such that 

II ^fc,rL,J|<C|| 0fc,, II <^ 
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for all r > and k = 1, . . . ,q. Hence by ()7.15p we get 

{Pr{i'r,i),Pr{A,k)) = " ( ^ik + O ( - 

r \ \r ^ 

as r — * oo. This implies r"^ det Br = I + 0(r~^). □ 
Our next purpose is to study the behaviour of det i?^ as r — oo. Recall that by Lemma 

o 

(7.18) keri?oo = V^i+ ©V^2^- 
Furthermore, by Lemma [7.41 we have 

(7.19) ker i?, = {(0, 0) | G 14+ n V^^}. 

To study Rr on the orthogonal complement of ker Rr we need to introduce some auxiliary 
subspaces of L\Y, E\Y) ® L\Y, E\Y). First put 

(7.20) L = {v+nv+)®{v+nv+). 

By fj7.18|) we have L C ker R^o- Furthermore, it follows from ()6.11|) that on ker Ay ©ker Ay 
the operator Kr is given by 

(7-21) Kr = -(^'l, 

^ ^ 2r \-ld Id 

This implies that L is invariant under Kr. Therefore, L is an invariant subspace for 

Rr = Rqo + ^r- Lst 

w^ = {(0,-0)|0Gr+n^+}. 

Then by ()7.19|) we get an orthogonal decomposition 

L = keTRr®W 

and it follows from ()7.20|1 that W is an invariant subspace of Kr and hence of Rr. Moreover 

Rr \w — — Id . 

r 

Set 

hi2 :=dim(Vi+n\/2+). 

Note that hi2 = Q = dim ker i?^. Let L-^ be the orthogonal complement of L in L'^{Y, E\Y)(B 
L'^{Y,E\Y). Then it follows that 

(7.22) deti?^ = r'^'^ det {Rr\L^) . 

So we can continue with the investigation of Rr\L-^. Let Li C © V,^ be the orthogonal 
complement of L in V-^ © V.^ and (keri^oo)"'" the orthogonal complement of keri?oo in 
L^(Y,E\Y) Q)L'^{Y,E\Y). Then 

(7.23) = Li©(keri?oo)^ 



Rr 
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with Li C keri?oo- This decomposition is invariant under Roo, however, it is not invariant 
under Kr and hence, it is not invariant under i?^- In fact, with respect to (j7.23|) we may 
write 

'A(r) B{r) 
Clr) D{r) 

where the operators A{r), D{r) are defined as follows. Let Hi denote the orthogonal 
projection of L-*- onto Li. Then 

A{r) = U^Krlli, B{r) = UiKr{ld -Hi), C(r) = (Id -Ui)KrIlu 

and 

(7.24) D{r) = i?oo|(keri?^)x + (Id-ni)ir,(Id-ni). 
Recall that Kr is a trace class operator whose trace norm || Kr ||i satisfies 

\\Kr \\i=0{r-') 

as r — s> oo. Thus 

(7.25) Kr,i := (Id -Ui)Kr{ld -Hi) 
is also a trace class operator with trace norm satisfying 

(7.26) \\ Kr,i\\i=0{r-^), r ^ oo. 
Furthermore, B{r) and C(r) are finite rank operators with 

(7.27) II B{r) 111, II C(r) ||i= O(r-i). 

Finally, A{r) is a linear operator in the finite dimensional vector space Li whose norm is 
also 0(r~^). This operator can be described more explicitely as follows. First note that 
Li C ker Ay © ker Ay and hence we can replace Hi by the orthogonal projection 112 of 
ker Ay © ker Ay onto Li. Let {V^ fl V^)j' C denote the orthogonal complement of 
V+ n V^^ in V"+, i = 1, 2, and let 

be the orthogonal projection of ker Ay onto (V^ nV2^)j^ . Then 112 = (Pi, P2) and by ()7.21|) 
it follows that 

A{r) = -^^' ^ ^ -Id^ „ ^Pi \ _ 1 f P^ -P^P^ 



2rV0 P2J \-^d Id; ^0 2r\-P2Pi P2 

Regarded as operator in {V^ fl ¥2)^ © {V^ fl V2^)2 7 we get 

Suppose that {(f), ip) G Li is in the kernel of A{r). Then it follows that 

= Pi^, ^ = P20. 
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Since e and i/j eV^, it follows that (f),ijj e n and therefore = ^ = 0. Thus 
A{r) is invertible and its norm satisfies 

(7.29) II A(r) 11= cr-\ r > 0. 

for some constant c > 0. Let 

s : (y+ n v,^)i e (y+ n ^ (y+ n y+) e n v+)j 

denote the restriction of the operator 



Id -Pi 
-P2 Id 



: ker Ay © ker Ay ker Ay © ker Ay 



to the subspace (^1+ n V^)i ® (1^1+ n V^)^. Set 

(7.30) h := dim y+ + dim - 2 dim n and /ii2 := dim T/+ n ^3"^. 

Lemma 7.9. PV'e /iawe 

lim r'^+'^i^ det i?^ = 2"'' det(5) det i?i,oo det i?2,oo- 



Proof. Let 

'A(r) 
D(r] 



Tn(r) 



TAt) 



Since A(r) is an invertible operator in a finite-dimensional vector space and D{r) is invert- 
ible for r > To, it follows that To(r) is invertible for r > Tq and 

det To(r) = det A{r) det ^(r). 

Let 

B{ry 
C{t) 

Then Ti(r) is a trace class operator with || Ti(r) ||i= 0{r~^) as r — > 00, and 

i?, = To(r)+Ti(r) 
Moreover T'o('^) + tTii^) is invertible for < i < 1 and r > Tq. Put 

T2(r) = T^{r)Toir)-\ 

Then for r > Tq we get 

d 

log det Rr - log det Tq (r ) = / — log det (Tq (r) + iTi (r) ) cii 

Jo dt 

(7.31) = / Tr(ri(r)(ro(r) + tri(r))-^) dt 

Jo 

Tr(T2(r)(ld+tT2(r))"' rft 

^0 

Set 

B{r) = S(r)L'(r)-\ C(r) = C(r)A(r)-^ 



DECOMPOSITION OF DETERMINANTS 37 

Using the definition of T2(r), we get 

B{r) 



C{r) 



By (fTTTjl and ^HI^ it follows that 

(7.32) \\B{r)\\=0{r-'), || 5(r) ||= 0(1) 

as r — s> oo. Thus ^ ^ 

/B{r)C{r) 

\ C{r)B{r) 
and by ()7.32|) we have 

II T2{rY 11= 0{r~^), r oo. 

Let ri > be such that 
for r > Ti. Then 

oo oo 

\2k 



Y,T2{rr = {ld+T,{r))J2T2{ 



k=0 k=0 

is absolutely convergent and hence, Id+tT2(r) is invertible for < t < 1 and r > ri with 

oo 
k=0 

Moreover it follows that 

(Id+mir))'^ = Id+mir) +0{r-^), r ^ oo. 

Thus 

T2(r)(Id +tT2{r))-' = T2(r) + mir)^ + 0{r-') = T2(r) + 0{r-'). 
Since Tr(T2(r)) = 0, we get 

Tr(r2(r)(Id+tT2(r))"^) = 0(r-^). 
Together with ()7.31|) this implies 

I log det Rr - log det To(r) | < Cr-\ 



Hence we get 

det {Rr\L^ 



l + 0(r~^), r ^ oo. 



det To (r) 

As observed above, detTo(r) = det A (r) det Z^(r). Using the definition of D{r) by (j7.24|) 
and that i?oo|(ker i^oo)"*" is invertible, it follows as in Lemma 6.5 that 

lim det D{r) = det -Ri,oo det -R2,oo- 
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Let h and hi2 be defined by ()7.30p . Note that 

h = dim(\/+ n V2+)i + dim(\/+ n ¥2+)^. 
Then by definition of A{r) 

det A{r) = {2r)-''detS. 

So combined with ()7.22|) we get 

lim r'^+'^i^ det Rr = 2'^ det (5) det i?i,oo det i?2,oo. 

□ 

Next we express det(S') in terms of the scattering matrices S'i(O) and 5*2(0). Let V = ker Ay 
and set 

V2 = ve {{v+ n v+) © {V{^ n v^~)). 

Lemma 7.10. Let Cu = 5i (0)52 (0)1^2- We have 

det{S) = det((Id-Ci2)/2). 

Proof. First we consider the following special case: Assume that 

(1) i^+n^+ = {0}, rfn^- = {0}, 

(2) dim V = 2p and dim V^^ = dim = p, i = 1, 2, 

(3) : V.^ V-^ is an isomorphism. 

Let Ci, e2p be an orthonormal basis of ker Ay such that ei, is an orthonormal basis 
of and e^+i, e2p is an orthonormal basis of Vf. Let fi, fp G be such that 

Pi{fi) = ei, i = l,...,p. 

Then there exists a symmetric matrix A = (aij) G GL(]9, R) such that 

p 

fi -|- ^ ^ OiijCpj^j ^ i 1, 

J=l 

Let A^^ = ipki) and put 

p 

fp+k = ek + ^bkiep+k, k = l,...,p. 
1=1 

Then {fi, fp+j) = 0, i,j = Thus /p+j G V2 , j = Furthermore P^{fp+j) = 

Cj. Thus /p+i, /2p is a basis of V^~. By definition the matrix T which transforms the 
basis (ei, e2p) into (/i, /2p) is given by 

^ _ /Id A \ 
^ - [id -A-' J ■ 
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Since A is symmetric, it follows that {A^ + Id) is invertible and one immediately verifies 
that the inverse of T is given by 

/ {A^ + Id)-' A^{A^ + Id)-i 

\A{A^ + ld)-' -A{A^ + ld)-\ 
Now note that the matrix of 5*1(0) 6*2(0) with respect to the basis (ei, e2p) is given by 

Hence the matrix of Id —Si (0)6*2(0) in the basis (ei, ...,e2p) is equal to 

'2^2(^2 + Id)-i -2A{A^ + ldy 

2A(A2 + Id)-i 2^2(^2 + Id)-i 
This implies 

det (Id -61(0)62(0)) = 2^^ det{A^)det{A^ + ld)-\ 

On the other hand P2 = l/2(Id +62(0)). So it follows from (j7.HH|l that in the basis 
(ei, e2p), P2 is represented by the matrix 

{A^ + Id)-' A{A^ + Id)-' 



A{A^ + ld)-' ^2(^2 + Id) 



-1 



Thus, with respect to the bases (ei, Cp) and (/i, /p), the operator P2 : V^i^ is 
represented by the matrix {^A? + Id)^^. Hence the matrix of 6 with respect to the basis 
(ei,...,ep, /i,...,/p) is given by 



Id -Id 

-(A2 + Id)-1 Id 



Thus 



det(5) = det (^l^^f/j^^ir 1° ) = det(A2) det(A2 + \d)-\ 



Next we reduce the general case to this special one. If we restrict 6*1 (0) and 6*2(0) to V2, it 
follows immediately that we can assume condition 1). Now suppose that 

dim V:^ < dim V;+ and : V^^ V 

is injective. Let Wi := Pi{V^) and let 1^2 C denote the orthogonal complement of 
Wi in V^. We claim that W2 C ¥2^. To prove this claim let w e W2 and v G be 
given. Write v = Vi + V2, fi G V-^, V2 G Vf. By definition we have {w,Vi) = 0. Since 
w G W2 C V-^, we have {w,V2) = 0. Thus {w,v) = 0, which shows that W2 is orthogonal 
to ¥2^, and hence W2 C Vg"- Now 

(7.34) S^iO)\W2 = ld, ^2(0)11^2 = -Id. 
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Thus Si{Q)S2{0)\W2 = - Id. Let 

V = veW2. 

Then by ()7.34|) . V is an invariant subspace for 5*1(0) and 82(0). Let Si = 5*^(0)1 V^, i = 1,2. 
Then 

'2 Id 



Id-SiS; 



Id -^1(0)^2(0) 
Hence we get 

(7.35) det(Id-5i (0)^2(0)) = 2'^''^^Met(Id-5i52). 
Let Vj^ C be the ±l-eigenspaces of Si, i = 1,2. Then it follows that 

v+ = p+{y+) = w^, v+ = V}. 

In particular, : ^\ is an isomorphism. Thus dimVf" = Vf". Since fl V^"^ = 

{0}, it follows that dimV^j"^ = 1/2 dim V^. Thus conditions 2) and 3) are also satisfied and 
hence, by the first part of the proof we get 

(7.36) det(Id-^i52) =2'i''"^det 

Finally note that with respect to the decomposition = Wi © W2, 

P+ : 1/+ and P+ : V+ V+ 

are of the form 

Pt = (P 

Hence 

Id -P^ 



which shows that 



^ / \ D+ 

2 



det ( 



-Pt^ 


©0. 







Id 


"■') 





Id j 


■ld^+ 









-P2 Idv+ 

Together with ()7.35|) and ()7.36p . the lemma follows. □ 

Combining Proposition 16.41 with Corollary 17.31 and Lemmas 17.81 17.91 and I7.10[ we obtain 
lim ^/^ detAA,^ ^ -A- det(A,,oo, Ap) ^.^ r'^+'^i^ det i?. 



detAAT^r, -LJ- deti^ioo r''^^ det B. 

(7.37) ' 



2-^^ det ((Id -Ci2)/2) II det(A,,oo, Aq). 



i=l 
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Using Proposition (jS-H) . we get 

det Am. ~ r^^-^~'^«^(°)22''>'-'^(det Ay)-^/2 

(7.38) 
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det ((Id -Ci2)/2) H det(A,,oo, Aq). 



i=l 

As an example, we consider the case of a closed surface M. Let 

Ml = Ml Uy ([0, L] X Y) Uy Ma, F = M/Z, L > 0. 

Then 

Cy(s) = (27r)-2^2C(2s), 
where C(s) denotes the Riemann zeta function. Recall that 

C(-l) = -^, m = -l, C'(0) = -^log27r. 
Since T(s — 1/2) and C(2s) are analytic at s = 0, we get 



1 d /r(s-l/2) 



ds \ r(s 



Cy{s - 1/2) 



^/tF (i /r(s- 1/2) 



s=0 



3 (is V rfs) 



2 

= -TT. 

=0 3 



C;-(0) = -41og(27r)C(0) + 4C'(0) = 0. 



ey(0) 
Similarly 

Thus 

det Ay = e~'^^(°) = 1. 

Furthermore note that hy = hu = I, h = 0, and det ((Id— Ci2)/2) = 1/2. Inserting this 
into ()7.38|) . we get 

(7.39) det ~ 2Le-"^/^ det(Ai,oo, Aq) ■ det(A2,oo, Aq) 

as L oo. Bismut and Bost proved in |BBj that detA^^ ~ cLe~'^^/^, L ^ oo, with 
some constant c. Our result expresses the constant c explicitely as c = 2 det(Ai oo, Aq) ■ 
det(A2,oo, Ao). 

Next consider a compact Riemannian manifold {XQ,g) with boundary Y as at the end 
of the previous section. We assume that the connection is a product on the collar 
neighborhood = (— e, 0] x F of F in Xq. By ()6.18|) and Corollarv 17.31 we have 

(7.40) log det Axr,D = log det A^,,d + log det Rr - log det Roo + det(Aoo, Aq). 

Furthermore by Lemma 17.21 we have ker R^o = . By ()6.19|) it follows that ker R^o is 
invariant under L,. and hence under Rr, and 

-RrlkeriJoo = - M . 

r 

Let = dimV~^. Then 



det Rr = r"^ det (ker R^)^) 
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and by Lemma 4.1 of |Le3j it follows that 
Using ()7.40p we obtain 



lim r^'^ det Rr = det R„ 



hm = det(Aoo, Ao). 

r^oo det An^^d 

Together with Proposition 15.11 we get 

det Ax^,D ~ r-''^+'^^e-"«^(°)/22/^y (^et Ay)"'/' det(Aoo, Aq) 
as r — > oo. If we apply this to det Am^.^.d and use ()1.9j) . we get 

lim — ^- f ^"^- = 2-' (det Ay)^/^ det ((Id -C,,)/2) 

r^oo det Ami,„d det Am^^^d 

which proves Theorem 11.71 
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